Abstract. The present paper is devoted to studying the condition for a Finsler space with the second approximate Matsumoto metric to be a Berwald space and to be a Douglas space.
Introduction
The Finsler space [3] ). In the Matsumoto metric, the 1-form b i (x)y i was originally to be induced by earth's gravity ( [6] ). Hence we could regard b i (x) as the infinitesimals. The present authors ( [11] ) have investigated the Finsler spaces with the first approximate Matsumoto metric in which all powers ≥ 3 of b i (x) are neglected to be a Berwald and to be a Douglas space.
Recently, M. Matsumoto ( [9] ) has found the condition for Matsumoto space F n to be a Douglas space, and proved that if F n is a Douglas space, then F n is a Berwald space. The present paper is the consecutive study of the above one. We shall find the condition for the Finsler space with the second approximate Matsumoto metric in which all powers ≥ 4 of b i (x) are neglected to be a Berwald and to be a Douglas space.
Preliminaries
The 
is an approximate metric to the Matsumoto metric. We shall call the (α, β)-metric (2.2) the second approximate Matsumoto metric.
On the other hand, the geodesics of a Finsler space
, L) are given by the system of differential equations including the functions
where γ j i k are the Christoffel symbols constructed from the Finsler metric tensor g ij (x, y) with respect to [8] ). The covariant differentiation with respect to the Levi-Civita connection
is denoted by (;). We use the symbols as follows:
According to [7] , the functions G 
where
L/∂α∂α, the subscript 0 means contraction by y i and we put
We shall denote the homogeneous polynomials in (y 
We shall state the following Lemma for the later. 
The condition to be a Berwald space
The present section is devoted to find the condition for a Finsler space F n with the second approximate Matsumoto metric (2.2) to be a Berwald space. From (2.3) the Berwald connection BΓ = (
where we put
Substituting (3.2) in (3.1), we have
We suppose that F n is a Berwald space, i.e., B j i k and b i;j are functions of position alone. Then (3.3) is separated in the rational and irrational terms in y i as follows:
which is reduced to two equations as follows:
from the equations above, we have 
The condition to be a Douglas space
The present section is devoted to find the condition for a Finsler space F n with the second approximate Matsumoto metric to be a Douglas space. In F n with (2.2), we have 
Eliminating B ij from these equations, we obtain
where (4.7)
Transvection of (4.6) by b i y j leads to (4.9)
The term of (4.9) which seemingly does not contain α 2 is 4r 00 β
11
. Hence we have hp (11) Then it will be better to divide our consideration in to three cases: 
where (4.14)
The term of (4.14) which seemingly does not contain α 2 is −64β 10 . Thus, there exists hp (8) Substituting (4.16) in (4.9), we have (4.17)
The terms of (4.17) which seemingly do not contain α 
The term of (4.19) which seemingly does not contain β is −(h/7)α 
